The special affine Fourier transformation (SAFT) is a generalization of the fractional Fourier transformation (FRT) and represents the most general lossless inhomogeneous linear mapping, in phase space, as the integral
transformation of a wave function.
Here we first summarize the most well-known optical operations on lightwave functions (i.e., the FRT, lens transformation, free-space propagation, and magnification), in a unified way, from the viewpoint of the one-parameter Abelian subgroups of the SAFT. Then we present a new operation, which is the Lorentz-type hyperbolic transformation in phase space and exhibits squeezing.
We also show that the SAFT including these five operations can be generated from any two independent operations.
In recent years fractional Fourier transformation 1 ' 2 (FRT) has attracted much attention in the field of optical signal processing. 5 Geometrically the FRT of a wave function is the 0 rotation of the corresponding Wigner distribution function in phase space 4 and reduces to the classical Fourier transformation when 0= wr/2. In a recent paper 6 we generalized the FRT to the integral transformation that is associated with the following most general inhomogeneous lossless linear mapping in phase space: (2) . We refer to it as the special affine Fourier transformation (SAFT). In terms of the parameters in Eq. (1), the SAFT of a function u(x) is given as follows:
In Eq. (3) an allover constant phase factor is omitted for simplicity. In this Letter, first we show how the SAFT offers a novel unified viewpoint of the known optical operations on light waves. In particular, we discuss the operations of the FRT, lens transformation, free-space propagation, and magnification as the one-parameter Abelian subgroups (i.e., the product of two transformations are commutative) of the SAFT. Then we introduce a new operation, which is analogous to the Lorentz transformation and exhibits squeezing. We also show that a SAFT including these five operations can be obtained by the combination of any two, in particular, lens transformation and free-space propagation.
Let us consider the following matrices in phase
(lens 93 a) = {1 7] (free-
transformation), space propagation), agnification). (5) (6) (7) All these matrices satisfy condition (2) and therefore are the elements of the special linear group SL(2, R).
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gA(t) =gA(t),
gA(O) = I (A= 1,2,3,4), and the anticommutation relations ({A, B} = AB + BA) (8) where I is the 2 x 2 identity matrix. Applying the SAFT to Eqs. (4)- (7), we obtain the following transformation formulas including translation (m, n): 
which are nilpotent, that is, L+ 2 = 0. and (16) it follows that (9) In terms of these matrices, g, ... ,g4
as follows:
(magnification), (12) provided that the overall constant phase factors have been omitted. To obtain Eq. (12) we used the following formula:
2b (13) whereas to derive Eq. (10) requires treatment by the degenerate SAFT. 6 Two obvious questions that now arise are the following: (a) Are the above operations independent of one another, that is, is it possible to express any of them in terms of some combinations of the others? (b) Are there any other optically interesting simple operations expressible as one-parameter Abelian subgroups of the SAFT? We will answer question (a) below in a more general context.
To answer question (b) we introduce the matrices (23)
Examining these forms, we find another oneparameter Abelian operation:
This is a hyperbolic transformation, which is analogous to the Lorentz transformation in special relativity' 0 and exhibits squeezing different from that of magnification. To our knowledge, it was not previously discussed in the literature of geometrical optics. The integral transformation associated with g 5 is found to be
Now we come to the question (a) of the (in)dependence of the above operations. It can be shown that only two of them are independent, or, more generically, it is possible to express any 2 X 2 matrix that satisfies condition (2) by a combination of any other two. Let us illustrate this explicitly, using the optical operations. For this purpose, we Thus gl and g 4 can be expressed in terms of g 2 and g 3 , and therefore the combinations of the lens transformation (g 2 ) and free-space propagation (g 3 ) can describe all transformations of SL(2, R). This generalizes the result recently obtained by Lohmann," who has shown that the FRT can be realized by use of combinations of the lens transformation and freespace propagation. Combining g,, . .. , g 5 , we can derive several other interesting operations. An example presented in Another exea sinh 0 1 cosh 0 J' (33) which is a combination of two different kinds of squeezing. This type of similarity transformation, gBgA(t)gB-', preserves the one-parameter Abeliansubgroup nature of gA(t) with fixed gB.
In conclusion, we have discussed some optical operations and their corresponding wave-function transformations based on the special affine Fourier transformation. In these analyses we have used the one-parameter Abelian-subgroup nature of the operations. We have proposed a new operation of the hyperbolic type. We have also shown that the SAFT can be realized by the combination of only two independent transformations, in particular, those of lens transformation and free-space propagation. Previously 5 ", 2 the relationships among the FRT, Fresnel diffraction, and wavelet transformation were indicated. Clearly such a discussion can be carried out more generally in the context of the SAFT.
